
Comparison of Correction Factor for Dispersion 
Coefficient Based on Entropy and Logarithmic 

Velocity Profiles 

Yeou-Koung Tung 

Proceedings 
1990 

WWRC-90-28 

In 

Hydraulic Engineering, 
Proceedings of the 1990 National Conference 

Volume 1 

Yeou-Koung Tung 
Wyoming Water Research Center 

and 
Department of Statistics 
University of Wyoming 

Laramie, Wyoming 



ENGINEERING 
Volume 1 
Proceedings of the 1990 National Conference 

Sponsored by the 

Hydraulics Division of the 
American Society of Civil Engineers 

Hosted by the San 
Diego Section, ASCE 

San Diego, California 
July 30-August 3,1990 

Edited by Howard H. Chang and Joseph C. Hill 

Published by the 
American Society of Civil Engineers 
345 East 47th Street 
New York, New York 10017-2398 



464 HYDRAULIC ENGINEERING 

COMPARISON OF CORRECTION FACTOR FOR DISPERSION COEFFICIENT 
BASED ON ENTROPY AND LOGARITHMIC VELOCITY PROFILES 

Yeou-Koung Tung' , A. M . ASCE 

Abstract Recently, new velocity distribution equations 
have been developed by Chiu (1987, 1989) through the use of 
maximum entropy principle. A comparison will be made of the 
correction factor ( p )  corresponding to entropy and logarith- 
mic velocity profiles when applied to the diffusion coeffi- 
cient in computing the suspended solid concentration in 
sediment-laden flow. 

Introduction 

Suspended solid (SS) concentration in streams in one of 
the major concern in non-point source pollution control and 
management. In the modeling of SS concentration, the diffu- 
sion coefficient and velocity distribution are the two 
essential factors which govern the mass transport in rivers. 
Because the diffusion coefficient is a function of velocity 
gradient, the common thread in the assessment of diffusion 
coefficient and S S  concentration is the velocity distribu- 
tion. 

When apply the diffusion equation to sediment-laden 
flow, the turbulent diffusion coefficient for clear water is 
replaced by the diffusion coefficient of solid which would 
depend on particle size and solid concentration. A common 
approach to account for the effect of suspended solid is to 
multiply a correction factor to the turbulent diffusion 
coefficient. 

Recently, new velocity distribution equations have been 
developed by Chiu (1987, 1989) through the use of maximum 
entropy principle. Chiu and Karaffa (1989) compared the 
depth-averaged diffusion coefficient using velocity distri- 
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butions based on power law, logarithmic law, and entropy 
principle. The paper investigate the relations between the 
correction.factors based on logarithmic and entropy velocity 
distributions. 

Velocitv Distribution Eauations 

Two types of velocity distribution equations in open 
channel hydraulics are commonly used. The first type is 
based on the power law 

in which y is the vertical distance from the channel bed, 
and m and n are constants. The second type of velocity 
distribution uses logarithmic law as 

in which u, is the shear velocity ( J 7 J p )  with p being the 
density of water and 7 ,  being the shear stress on channel 
bed; K is von Karman's constant, 0 . 4 ;  a is the equivalent 
distance from channel bed at which the velocity is zero; and 
D is depth of water. 

developed by Chiu (1987) can be written as % 

i 

A simplified version of the new velocity distribution 

1 
( 3 )  In( 1+86D) u = -  

where A, is the 
maximum velocity 

The velocity 
maximum velocity 

constant, parameter 8 is a function of 

profiles described by eqs. 1-3 have the \ 

(urnax) as f3=exp(Al umax)-l, and 6=y/D. j 
A 

occurred on the free surface. A more 
complete velocity distribution equation based on entropy 
principle has been derived by Chiu (1989). It allows one to 
model vertical velocity profile having maximum velocity 
occurring beneath the free surface which is frequently 
observed during flow measurements. For purpose of simpli- i 
fyinq the analysis, this paper adopts eq. 3 in the following 
investigation. 

Diffusion Coefficient 

The SS concentration in open channel under non-uniform 
and steady state condition can be modeled as 
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coefficient to study the SS concentration profile. The 
depthraveraged diffusion coefficient based on logarithmic 
law ( e L )  and entropy principle (zE) can be derived using eqs. 
7 and 8 as (Chiu and Karaffa, 1989) 

dC 
EJY) - + v,, c = 0 

dY ( 4 )  

in which C is SS concentration, v s  is the settling velocity 
of particle, and E ,  is the diflusion coefficient in the 
sediment-laden flow. In eq. 4 ,  both C and E~ are function 
of flow depth y. Utilizing eq. 4 to compute SS concentra- 
tion a commonly used approach is to replace E~ by P E  in 
which E is the turbulent diffusion coefficient in clear 
water and p is the correction factor to account for the 
presence of S S .  

( 9 )  

with aI=a/D and 

4 u,* A, D 
EE = 

6 Based on turbulent diffusion theory, the diffusion coe- 
fficient for momentum transport (E) along the vertical 
direction (y-direction) in a wide channel is related to the 
shear stress as SS Concentration Profile 

Equations 7 and 8 can be substituted back to eq. 4 and 
the expressions for SS concentration profile can be derived 

( 5 )  as 

in which ~ ( y )  is the shear stress at distance y above 
channel bed. From eq. 5, the diffusion coefficient can be 
obtained as 

and 

Substituting eqs. 2-3, respectively, in to eq. 6 the 
expressions for diffusion coefficient ~ ( y )  can be derived, 
for logarithmic law as 

EL(y) = U, K D &(I-6) (7) 
and for entropy principle as 

in which In(C/C,)L and ln(C/C,), are the natural logarithm of 
ratios of SS concentration at vertical distance y to that of 
at a reference distance a from channel bed, z=v,,/(u,K), and 
w=(v,,e)/(u,*A). Equation 11 is the well-known Rouse concen- 
tratyon equation. 

Using the depth-averaged diffusion coefficient (zL and 
E ~ )  the expressions for SS concentration profile (Chiu and 
Karaffa, 1989) are greatly simplified as 
c 

From eq. 7, the diffusion coefficient based on logarith- 
mic velocity distribution reaches it maximum at y=D/2 and 
decreases symmetrically toward the channel bed and water 
surface. On the other hand, the diffusion coefficient based 
on entropy velocity profile has the maximum value at the 
channel bed and it decreases to zero as y approaches to D. 

In a recent study about the diffusion coefficient, Chiu 
and Karaffa (1989) utilized the depth-averaged diffusion and 
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Table 1. Relevant data used in numerical examples (from 
Karim and Kennedy, 1986) 

Run # D(cm) urn, a u. 
(cm/s) (cm) (cm/s) (c;~s) 

1 8.7 49.2 0.0574 4.329 0.719 
7.4 73.5 0.0448 3.119 0.712 2 

7.8 83.1 0.0490 3.220 0.728 3 

4 7.7 81.9 0.0724 3.735 1.652 

Table 2. Ratios of correction factors based on logarithmic 
velocity distribution to entropy velocity 
distribution. 

6 Run 1 Run 2 Run 3 Run 4 

0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
0.99 

0.1057E+03 
0.65293+02 
0.4872E+02 
0.39263+02 
0.32923+02 
0.282 1E+02 
0.244 1E+02 
0.2107E+02 
0.1775E+02 
0.1321E+02 

0.12383+03 
0.74353+02 
0 . 5 4  10E+02 
0.4259E+02 
0.3492E+02 
0.2927E+02 
0.2477E+02 
0.2087E+02 
0.1709E+02 
0.1213E+02 

0.13603+03 
0.8150E+02 
0.5915E+02 
0.4644E+02 
0.3798E+02 
0.3174E+02 
0.2677E+02 
0.2249E-I-02 
0.1834E+02 
0.12943+02 

0.13523+03 
0.8266E+02 
0.6070E+02 
0.4807E+02 
0.39603+02 
0.3333E+02 
0.2830E+02 
0.2394E+02 
0.1970€?+02 
0.1414E+02 

Comparison of Correction Factor tL3l 

In the modeling of S S  concentration, it is common that 
the correction factor ( p )  is treated 'as a constant for a 
specified velocity distribution equation. In fact, the 
correction factor may vary with respect to y. The rela- 
tionship between the correction factor based on different 
velocity distributions that yields the same S S  concentration 
profile can be developed utilizing the SS concentration 
equations. Under the condition that the S S  concentration 
profiles are equal, the ratio of correction factor using 
logarithmic velocity distribution to that using entropy 
velocity distribution can be derived from eqs. 11 and 12 as 

Table 2 shows the numerical values of ratio of correc- 
tion factors based on logarithmic velocity distribution and 
entropy velocity distribution. The data use in the numeri- 
cal computations are extracted from Karim and Kennedy (1986) 
which are given in Table 1. 
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