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P K o f i m x L I w  DISTHIDUTION FOR BENEFIT~COST 
RATIO AND NET BENEFIT 

By Yeou-Koung Tung,' Associate Member, A W E  

Aesrfl~cr: Bcnclitkost ratio and ncl benclir are the two most commonly uscd 
criteria for evaluating lhe economic merit of public development projects. Due to 
tbe existencc of uiicertaiiity in cost and bcncfit estimations, the benefillcost ratio 
arid net bci)cCit cannot bc quanlilicd with absolutc ccrtainty. In most probabilistic 
hcncfit/cast analysis the probability distributions of the benefitkost ratio are chosen 
arbitrarily. The intent of this paper is to present the results from a numcrical 
cxpcriiricnt in attempting to idenlify thc appropriateness of various commonly uscd 
probability distributions in dcscribing the random behavior of the benefitkost ratio 
arid net bcncfit of an economic dcvelopinent projcct. 

INTRODUCTION 

In many public economic development projects, the benefitkost (B/C) 
ratio has been commonly used as the criterion for evaluating the feasibility 
and the relative merit of competitive projects. It is not uncommon that, 
when assessments of benefits and costs are made, only few benefit and cost 
components in economic analysis could be quantified with reasonable cer- 
tainty. In water-resource project B/C analysis, significant uncertainties in 
quantifying benefits and costs are attributed to a number of factors including, 
but not limited to: (1) The randomness of hydrologic events that affect the 
benefits to be generated from irrigation, flood control, and other aspects 
of a multipurpose water development project; (2) the uncertainty of pro- 
jected future population growth, which affects the estimate of benefits due 
to water supply, recreation, and flood control; (3) the uncertainty in the 
community demand functions for various water usages; (4) limited data 
records; ( 5 )  uncertainty in engineering cost estimation due to variations in 
site physical conditions, delays in constructions, and variable productivity; 
and (6) uncertainty in economic factors including interest rates, inflation, 
and project life (Dandy 1985; Howe 1971; James and Lee 1971). 

Project evaluation in  water resource developments using performance 
criteria such as the B/C ratio is no longer a trivial exercise when risk and 
uncertainty are involved. Under such circumstances, the performance cri- 
teria proposed for project evaluation are also subject to uncertainty. One 
comtnoti practice in performing the U/C analysis in the presence of uncer- 
tainty is to inflate the aiiticipated cost and to deflate the benefit. This 
conservative way of performing ccoriorriic analysis does not remove the 
subjectivity in the process of deterrniiiing suitable inflation and deflation 
factors. Furthermore, the conservatism of such a practice could potentially 
mask the real merit of a proposed project development. For better evalu- 
ation of the true economic merit of a project, probabilistic economic analysis 
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should be takcn iti t1i;it probability distributioris of econoiiiic critcria ai-c 
the essentially requircd iriforinatioii. 

Several studies liave employed a probabilistic approacli to U/C analysis 
of water resource projects. The probability distributions used for benefits 
and costs or the B/C ratio were cliosen primarily on the basis of conipu- 
tational siniplicity and tnatheniatical tractability. Mercer arid Morgari (1975) 
used a Monte Carlo simulation i n  deriving the probability distributioti of 
tlie B/C ratio. Weibull distributiori was cliosen for its ati;ilytical flexibility. 
Goicoechea et al. (1982) analytically derived tlie probability distribution of 
tlie I3/C ratio when all the benefit atid cost elenicnts liave indcpericlciit 
normal or gamma distributions. Tlie derivatioii of the distribution for tlic 
B/C ratio, in effect, is a probleni of finding tlie frequency distributions of 
ratios (Curtis 1941; Hayya et al. 1975; Hinkley 1969; Marsaglia, 1965). Park 
(1984) developed a probabilistic B/C analysis procedure based on the con- 
dition that both benefit and cost are correlated normal random variables. 
The resulting distribution for tlie B/C ratio is a function of a bivariate nornial 
distribution. 

The use of an  analylically derived distribution, in general, requires per- 
forming numerical integration o r  using some special probability tables for 
probability computation. The condition t h a t  all benefits and costs have 
nornial or gamma distribution is neither realistic nor flexible in describing 
the random characteristics of benefit atid cost coinpoiieiits. Alterrintively, 
Dandy (1985) proposed an approximation to a probabilistic U/C analysis in 
that the mean and variance of the B/C ratio are estimated by the first-order 
second-moment (FOSM) nietliod (Benjainin and Cortiell 1970). Then, a 
corninonly used analytical distribution was assumed to describe the random 
characteristics of the B/C ratio. Dandy (1985) perforined a limited inves- 
tigation on the appropriateness of norrnal. lognoriiial, and gamma distri- 
butions in describing the random behavior of tlie I3/C ratio, with its statistical 
moments estimated by the FOSM method. The candidate distributions were 
compared against the exact distribution of the B/C ratio derived by Goi- 
coechea et at. (1982) under normal and iridependent conditions. On tlie 
basis of percentage error of tlie 13/C ratio at  0.05, 0.50,and 0.95 levels, 
Dandy concluded that the gainma distriliutioti bcst fits tlie exact distributioii 
derived by Goicoecliea et al. (1982). 

The main purpose of this paper is to preseri t a more comprehensive 
experiment to examine (1) The appropriateriess of tlie comrnonly used prob- 
ability distributions in describing tlic jaiidoni tiatitre of thc U/C ratio anti 
net benefit criteria; and (2) tlie sensitivity of tlie distribution of economic 
performance criteria to the probability distribution of hcrdit  ;irid cost cotii- 
ponents. The statistical propcrties of econoniic eva1u;itioti criteria such ;IS 
tlie mean, variance, skew coefficierit, and kurtosis are cstirii;itccl by tlic 
FOSM method. I t  is Iiopcd that the resirlts would proviclc sotlie justificatioris 
for the selection of a probability distribution for tlie U/C ratio and net benefit 
for probabilistic economic analyses. 

ESTIMATION OF STATISTICAL PROPERTIES OF THE B/C RATIO AND NET 
BENEFIT 

Consider a project involving 11.1 benefit coinponents and N cost conipo- 
nents. Assume also that all benefit arid cost conipoiients have been converted 
to tlie present o r  annual values. Tlie D/C ratio and net benefit of the project 
can be expressed as 
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................................................. (1) (J = i - 1  

5 cj 
j =  I 

hl N 
v =  x u i -  C C j  ......................................... (2) 

i - 1  / =  1 

in which U and V = the I3/C ratio and net benefit, respectively; B, = the 
itli bencfit component; arid Cj = tlie j t h  cost component. In reality, the 
estimations of Ui and Cj cannot be made without uncertainty. Therefore, 
those benefit and cost components should be treated as random variables, 
and so should the B/C ratio, U, or its variations and the net benefit, V. 

In a probabilistic economic analysis, statistical properties of the B/C ratio 
and net benefit must be expressed as functions of those of the benefit and 
cost components. IdealIy, the complete statistical properties of random net 
benefit and 13/C ratio are their respective probability distributions. I t  is 
generally difficult, if not impossible, to derive analytically the exact prob- 
ability distribution of the random B/C ratio and net benefit from the prob- 
ability distributions of benefit and cost components. 

As a practical alterriativc, statistical moments of Il and V, such as the 
mean, standard deviation, skew coefficient, etc., can be approximated by 
the FOSM method. Once the statistical properties of U or V are estimated, 
they can be used along with an assumption of the probability density function 
for U or V to assess the probability that U or V would exceed a specified 
tlireshold value. 

I n  assessing the uncertainty of a benefit or cost component, i t  is practical 
to specify tlie “pessiniistic,” “most likely,” and “optimistic” values of the 
benefit or cost. The “pessiniistic” and “optimistic” values define niore or 
less the confidence interval lor the true value. Dandy (1985) proposed the 
use of the following equation to estimate reasonable standard deviatioris for 
tlie benefit and cost components based on the “pessimistic” and “optimistic” 
Vii  I u es ; 

s, = xop - x p c  ............................................. (3) K 

wliere S,r = the standard dcviatioii of benefit or cost component; XrC and 
X,,,, = tlic “pcssitiiistic” and “optiinistic” values of tlic bencfit or cost 
cotilpoiiciit, rcspcctivcly; and K = a coiIsti1tlt. The V ~ U C  of K c m  be 
dctertiiiticd if the confidence lcvcl associated with the interval dcfiried by 
X,,, atid X, , ,  is spccified for a given probability density function. This ap- 
proacli has L e n  widely used i n  quantifying the uncertainty of project activity 
duration in  critical patli/project evaluation review technique (CMP/PERT) 
analysis (I-lillicr and Lieberman 1986; ”aha 1987). 

Estimation of Statistical Moments of Net Benefit 
If tlie probability density function for each individual benefit or cost 

cotnponerit is assumed, along with tlie specifications of the “pessimistic” 
value, X,,,, tlie “most likely” value, X,,,, and the “optimistic” value, Xop,  
the mean and tlie standard deviation of each benefit and cost components 
can be determined. Then the mean and variance of the total benefit can 
then be obtained as 
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M 
1 3 =  x g  ................................................. 

i- 1 

A f  

Oplimislic 
Component value ($) 

(1 1 (2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
i -  I i i' 

Pessimistic - Most Likely Value (S) 
y = 0 y < 0 value ($) y > 0 

(3) (4) (5) (6) 

i i i  wIiicIi L3 and r3, = the nieaiis o f  total bcncfit anti the it11 benefit coiii- 
ponent, respectively; S = the staiidard dcviation; arid p = the correlation 
coefficient between benefit iteiiis. Siniilntly, replacing Ll by C, tlic nic;iii 
and variance of the total cost can be obtnincd f r o m  (4) arid (5 ) .  111 icality, 
components i n  the benefit and/or cost iiiiglit not be entirely independelit. 
I n  such cases, tlie analyst must niake assessiiient of the covariaiice or cor- 
relation between each pair of benefit aiid/or cost coinponetits. 

For the most commonly used probability density functions, tlic distri- 
butional characteristics are often cornplctcly defiiicd by tlic first two nio- 
inents. In this study, a distribution using 1;islier-CornisIi (FC) (Fislicr and 
Cornish 1960) asymptotic expansiori is also iiicluded for the purpose of 
coniparison. The probability function defined by tlie FC incthod requires 
knowledge of the skew coefficient aiid/or kurtosis, depending O H  the number 
of terms in the expansion series. The rnain advantage of using FC asymptotic 

reliance on any paranietric distribution. Tlic price t o  pay is t l ia t  one has to 
estiniate higher-order monients such as skew cocfficicii t and/or kurtosis. 
Considering only the first two rnomcrits reduces the FC asymptotic exyan- 
sion to the standard normal distribution. 

Calculations of skew coefficient and kurtosis for correlated benefit and 
cost cornponcnts require knowlcdgc about Iiiglier-order product iiiotiieiits, 
wliicli are difficult [I) obt;iiii in priictiw. Uiidcr (Iic assuriiplioit or iritlc- 
pendence of benefit and cost iteiiis, tlic skew coefficient and kurtosis of tlic 
total benefit could be obtained :is 

z expansion for tlie distribution is that i t  frees aiialysts from making strong 

d I 

COSl s 
Interests and ainortizaticm 
0per;it ion a i d  main teiiaiicc 

Inundation reduction 
Location . 
Afflucnce 
Floodproofing costs prevented 
Employ mc n t 
Itccrcatioii 

Ucncfits 

(6) 
i = l  

yo = si . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

197.250 241,083 263,000 284.917 
14.175 17.325 18,900 20,475 

4 1 1,585 340.005 357,900 375,795 
51,810 45.530 47,100 48,670 
26,840 23,587 24.400 48,670 
16.WK) 5,333 8.O00 10,667 
39.8W 13,267 19,900 26.533 
7,500 2.500 3.750 5 .ooo 

hf  

C Sj,,Kn, + 6 C C si,si; 
............................... (7) i -  I i i '  

K g  = 

where yx and K~ = the skew cocfficicrit aiid kurtosis of tlic raiidorii variablc 
X, respectively. 

Finally, by putting a11 the aforcnietitioncd foriiiulas togctlier, tlic nican, 
variance, skew coefficient, and kurtosis of the nct bciiefit can be obtained 
as 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  v = a - e  (8) 

s: = s; + s:. (9 )  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

......................................... (10) 
S i Y U  - S3,YC 

s: Y v  = 

(11) 
S J , K ~  + 6S3:- + SJCK~ 

K y  = .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
s; 
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328.750 23.625 

304.215 
42.390 
21.960 

0 
0 
0 

Estiiiiation of Statistical Moments of the B/C Ratio 
Based oii ( l ) ,  the statistical moments of U can be approximated by the 

FOSM method in wliich only the first-order terms in the Taylor expansion 
series of the B/C ratio, U, are retaiiied. Then, the expectation and variance 
operators are applied to the truncated expansion series for the B/C ratio, 
U, to obtain approximations of the mean and variance of U. The resulting 
approximations are 

............................... u = U,(1 + 0:: - p8&JlC) 

s: = u:(lt; + a$ - 2pfi&JI,) 

(12) 

(13) ............................ 
in which IZ, and 12, = tlie coef_ficients of variation of tlie total benefit and 
total cost, respectively; U, = U/C, and Pnc is the correlation coefficient of 
tlic total benefit arid total cost. To usc I T  asymptotic expansion, the skew 
coefficient and kurtosis of tlie B/C ratio, under the assumption of inde- 
peiidetice bctweeri and within benefit arid cost items, can be obtained as 

(14) 
u:(iz;yu - Qi-yc) 

s: .................................... Yu = 

(15) K U  = ............................... i l ' : ~ ~  + 6R3Z: + b l J , ~ ,  
s4u 

Similar to the net benefit case, a probability distribution is assigned to 
the B/C ratio U along with the statistical moments of U estimated from the 
FOSM rncthod. Thc probability that the U/C ratio would exceed a certain 
tlircsliolcl valuc caii tlicri be calculatcd. 

INVESTIGATION OF APPROPRIATE DISTRIBUTION FOR B/C RATIO AND 
NET BENEFIT 

In a probabilistic econoniic analysis, evaluation of the relative merit of 
economic projects generally involves computations of the probability of a 
selected pcrlortnance criterion being better than a certain threshold level. 
As a result, the probability distribution of the selected economic perfor- 
mance criterion, in addition to its statistical moments, must be known. In 
reality, the probability distribution of an economic performance criterion is 
a function of the probability distributions of random benefit and cost com- 
ponents which could be a mixture of distribution of various forms. Except 
utider soiiie very special but rather rare cases, the exact probability distri- 
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Rank 
(1) 

24 
9 
5, 
7 
3 

Candidate Probability Models 

Normal Lognormal Gamma Weibull Fisher/Cornisli 
(2) (3) (4) (5 )  (6) 

triangle, and Weibull; whcn Iiegiltively skewed, are beta and triangle; when 
symmetric, are beta, normal, and triangle. Since the total benefit and cost 
could bc positively skewed, ticgativcly skcwcd, arid sytntiictric, a total of 
nine cases with several subcases i n  each case (sce ’Table 2) were considered 
in this simulation study. Thcrc wcrc a total of 52 subcases with diffcrcnt 
combinations of skewness arid distribution considcrcd to investigate tlie 
appropriateness of the five candidate distributions in describing the random 
behaviors of the net benefit and U/C ratio. 

Before random benefits arid costs are gerieratcd in tlie Monte Carlo 
sirnulation, parameters in the probability density furictioii for each beliefit 
and cost component are detcriiiincd froni the kiiowletlgc of pessiniistic, 
most likely, and optiiiiistic values. In !his study, tllc most likely value was 
cotisiderCd as the niode of tlic tlistribritioil. l l i e  st:llldilrd deviation was 
estimated from (3) witti K being sct to 6 in  ordcr t o  be corisisteiit with 
Goicoechea et al. (1982). Utider the riorinality coliditiun, this iiiiplies that 
the pessimistic and optimistic values of beiielits and costs correspoiid to tlie 
99.7% confidence limits. I lowever, when the distributiort of benefits and 
costs are not normal, the coiilidcnce icvel specified by tlie pessiniist ic and 
optimistic values will be different. For all ttic six Ixlsic distributions utilized 
(i.e. ganiiiia, normal, lognormal, beta, triangle, and Weibull) for the benefit 
and cost components, the distributioiial paratncters caii be dctcrniiiied wlien 
the mode and standard deviation arc spccificd (I Iastiilgs and I’eacock lY74; 
Patel et al. 1976). For swine distributioiis, solviiig a sriiall system of iionliiiear 
equations is required to obtain distributional parameters for simulation. 

I n  the Monte Carlo siniulatiori, benefit aiid cost ilcriis were assuincd t o  
be independent of each other. For evcry subcase Iistcd in Table 2, 2,000 
sets of random realizations for each bciicfit a i d  cost item were generated 
and the correspoiicling economic pcrforriiance criteria were calculatcd. Fur- 
ther, the sirnulatcd economic perforniarice criteria were rariked iri eithcr 
ascending or descending order for purposes o f  estimating tlie true quantilcs 
at different probability levels. For the purpose of cotiiprisoii, the quantiles 
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< 1 0 12 3 0 
2 0 33 I I  0 
3 48 6 38 0 
4 4 1 0 3 
S 0 0 0 49 

TABLE 5. Quantile Values of Net Benefit and Percentage Error (In Parentheses) 
at Different Probability Levels under Various Distribution Models Considered for 
Case 13 

37 
8 
2 
2 
3 

P 
(1) 

0.010 

0.025 

0.05I1 

0.100 

0.  I50 

0.200 

0.300 

0.4oI) 

0.500 

0.600 

0.700 

0.750 

11.800 

0.850 

0.900 

0.950 

0.975 

0.yw 

BIAS% 
MAE% 
KMSE% 

Normal 
(2) 

0.1 I5 : - 2.7%) 
0.128 

(0.4%) 
0.138 

(0.3%) 
0. I50 

( I  .4%) 
0.15Y 

(1.3%) 
0.165 

( I  .3%) 
0.176 

(1.5%) 
0.185 

( I  .5%)  
0. IY3 

(I .470) 
0.202 

(0.8%) 
0.21 I 

(O.l%) 
0.216 - 0.2%) 
0.222 

, - 0.4%) 
0.228 

, - 0.7%) 
0.234 

- 0.9%) 
0.24Y 

- 1.7%) 
0.259 

- 1.4%) 
0.272 

(0.7%) 
0.55% 
1.03% 
1.1670 

-ognormal 
(3) 

0.128 
(7.7%) 
0.136 

(7.0%) 
0.144 

(4.270) 
0.153 

(3. I %) 
0.15Y 

(I 3%) 
0.165 

(1.1%) 
0.174 

(0.5%) 
0.182 

(0. I %) 
O . l Y 1  

- 0. I Yo) 
0. L9Y 

- 0.6%) 
0.2w 

-1.1%) 
0.2 I4 - 1.2%) 
0.220 

- 1 A)%) 
0.228 

- 0.9%) 
0.238 

- 0.4%) 
0.253 

(0. I %) 
0.267 

( 1  .G%) 
0.285 

(5.5%) 
0.5670 
1.21% 
1.9670 

Gamma 
(4) 

0.124 

0.133 
(4.8%) 
0.142 

(2.8%) 
0.152 

(2.4%) 
0.159 

(1.5%) 
0.165 

(1.1%) 
0.175 

(0.8%) 
0.183 

(0.5 70) 
0.192 

(0.4%) 
0.200 

[ - 0 . l 7 )  
0.210 

[ - 0.6%) 
0.21s 

[ - U.8’76) 
0.221 

0.228 

0.238 

0.252 

0.265 
(0.6%) 
0.280 
(3.8%) 
0.5570 
0.9770 
1.39% 

(4.5%) 

[ - 0.7%) 

[ - 0.7%) 

; - 0.5%) 

: -0.4%) 

Note: Nunitxis in columns 2-6 rcprescnt quanti 

Weibull 
(5) 
0.094 

( - 20.6%) 
0,111 

(-13.1%) 
0.125 

(-Y.4%) 
0.141 

0. I53 

0.161 

0.175 
(0.9%) 
0.186 

(2.1%) 
0.1Y6 

(2.8%) 
0.206 

(2.7%) 
0.216 

(2.4%) 
0.221 

(2.1 %) 
0.227 
( 1.9%) 
0.234 

(1.6%) 
0.242 

0.253 

0.262 
(-0.4%) 

0.272 
( I  .O%) 
0.05% 
2.71% 
4.08% 

( - 4.6%) 

( - 2.6%) 

( -  1.2%) 

(1.2%) 

( -0 .0%)  

FisherICornish 
(6) 
0.120 

(1.2%) 
0.12Y 

(1.8%) 
0.139 

(0.6%) 
0.150 

0.158 
(0.7%) 
0.164 

(0.7%) 
0.175 

(0.9%) 
0.184 

(1 .0%) 
0.193 

(1.1%) 
0.202 

(0.77~) 
0.21 I 

(0.2%) 
0.217 

(- 0.0%) 
0.222 

( - 0. I%) 
0.229 

( -  0.3%) 
0.238 

( - 0.5%) 
0.250 

(- 1.2%) 
0.260 

( - 1 .on) 
0.272 

(1 .0%) 
0.50% 
0.72% 
0.82% 

(S.l%) 

Simulation 
(7 )  

0.119 

0.127 

0.138 

0.148 

0. I57 

0.163 

0.173 

0.182 

0.191 

0.200 

0.21 I 

0.217 

0.223 

0.230 

0.239 

0.253 

0.263 

0.270 

of nct benefit at order p (in $1,ooO,ooO); with - .  

pcrcentagc error compared with sirnulaicd values in parentheses. 

of the two ecoiioiiiic performance criteria from the siniulation were taken 
to be the “true” values. 

Criteria for Coinparison 
The relative performance of the candidate probability models considered 

for the net benefit and B/C ratio was measured by three performance cri- 
teria: (1) Percentage biasness; (2) percentage mean absolute error; and (3) 
percentage root mean squared error. Each of the three criteria was used 
simultaneously in  an attempt to identify the best probability model for 
describing tlie ratidorii characteristics of the net benefit and B/C ratio. These 
criteria are niatliematically defined as 

1. Percentage biasness (BIAS%) 

141 



Case 
number 

(1) 

Subcase Number 

Melhod 1 2 3 4 5 6 
(2) (3) (4) (5) (6) (7) (8) 

500 

CASE 14 

. .  . 

. ,  
0.077 
0.058 

- 0.067 
- 0.072 
-0.182 
-0.147 
0.146 
0.129 

- 0 . w  
0.008 
0.046 

- 0.075 
0.043 
0. I 1 0  

-0.165 
- 0.082 
0.064 

- 0.04 1 

~~ 

I 

2 

3 

4 

5 

6 

7 

8 

9 

1 

2 

3 

4 

5 

G 

7 

8 

9 

0.101 
0.117 

- 0.07 1 
- 0.050 
0. I 1 I 
0.039 
0.278 
0.130 
0.026 
0.009 

-0.174 
-0.1 15 
0.236 
0.164 
0.027 
0.024 

- 0.074 
- 0.055 

0.102 
0.117 

-0.077 
- 0.100 
-0.025 
- 0.154 
0.126 
0.165 
0.062 
O.OO0 
0.192 
0.350 
0.312 
0.204 
0.086 
0.05 1 

- 0.023 
-0.054 

S 
F 
S 
F 
s 
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 

0.058 
0.042 

-0.103 
- 0.072 
-0.130 
-0.187 
0.178 
0. I65 
0.01 4 
O.~UJo 

- 0.044 
-0.115 
0. IY6 
0. I82 
0.062 
0.053 

- 0.071 
- 0.063 

-0.041 
-0.100 
-0.210 
-0.193 
0.121 
0.097 

-0.044 
0.001 

- 0.033 
- 0.085 
0.207 
0.201 
0.094 
0.076 
0.094 
0.153 

- 0.073 
- 0.101 
-0.190 
-0.184 
0.170 
0. I26 
0.024 
0.002 

-0.083 
- 0.088 
0.20 1 
0. I93 
0.056 
0.029 

- 0.054 
- 0.086 " 7 .  . . 

0 0  1 1  1 1 0  1.19 1 6 8  1 0 8  2 0 1  1 27 2 4 6  2 6 6  2 85 

NET BENEFIT ($100,000) (b) Kurtosis . ,  
2.563 
2.727 
2.7M 
2.683 
2.898 
2.870 
2.743 
2.671 
2.656 
2.750 
2.897 
3.015 
2.801 
1.273 
3.09 1 
4.791 
2.993 
3.020 

S 
I: 
S 
F 
s 
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 

2.733 
2.653 
2.648 
2.867 
2.760 
2.877 
2.678 
2.691 
2.732 
2.828 
3.076 
3.246 
3.04 1 
2.660 
2.690 
2.736 
2.574 
2.727 

2.763 
2.562 
2.873 
2.855 
3.01 1 
2.897 
2.574 
2.736 
2.774 
3.ouu 
3.081 
3.042 
2.825 
2.686 
2.718 
2.843 
3.173 
3.057 

2.664 
2.652 
2.672 
2.654 
2.880 
1.806 
2.868 
2.594 
2.559 
2.727 
2.930 
2.965 
2.875 
2.676 
2.670 
2.746 
2.713 
2.964 

FIG. 1. Histogram of Simulated Net Benefit for Case 14 
2.624 
2.756 
2.752 
2.851 
2.692 
2.650 
2.676 
2.695 
2.896 
2.900 
2.560 
2.727 
2.567 
2.730 
3.228 
3.042 

2.629 
2.745 
2.826 
2.894 
2.876 
2.685 
3.057 
2.924 
2.939 
2.897 
2.649 
2.74 1 
2.669 
2.747 
2.966 
2.Y81 

HIAS% = 1)' (1 - y)  dp . .  . . . . .-. . . . . . . . . . . . . . . . . . . . . . . * .  

2. Pcrccntage mean absolute ctror (MAE%) 

MAE% = 1,' (1  - 21 t ip  ............................... . .  

3. Percciitnge root menti squnred e r r o r  (RhtSE%) 
Note: S = by siiiiitl ion; atid F = by FOSM nicthod. 

0 . 5  

I<h,iSE% = [j-; (1 - %)* 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . (18) 
RESULTS AND ANALYLSIS 

Judging on tlie basis of BlAS%, there is 110 single probability model 
among the five candidates, in the majority of the 52 subcases, dominating 
the others. However, witti regard to MAE% and RMSE%, a best model 
could clearly be identified. Tables 3 and 4 tabulate the frequency that each 
candidate probability niodel for the net benefit and B/C ratio take on the 
various ranks. Rank 1 represeiits the best associated with the smallest value 
of MAE% or I<MSE%. 

From Tables 3 and 4 one obscrves that, in  the great majority of the 52 
subcases, the FC asymptotic expansion niodel best described the randoni 
cliaracteristics of both the net benefit and B/C ratio based on the perfor- 
mance criteria MAE% and RMSE%. The Weibull distribution clearly is 

wliere x,, and x P J  = tIic "true** value f r o m  tile sitnuIation and the estiniate 
of the p tli-order quantile deterriiiried from the assumed prohability niodel, 
f, in conjunction with tlie tiiean and variance from the FOSM nietliod, 
respectively. I n  computing the valucs o f  the thrcc tiiodcl pcrforniaiicc cri- 
teria, siurnericai integration w a s  perfornicd at probability levels p = (0.0 1, 
0.025, 0.05, 0.10, 0.15, 0.2, 0.3, 0.4, 0.5, 0.6,  0.7, 0.75, 0.80, 0.85, 0.Y0,  
0.95, 0.975, O.YY), whcrc tlic qwititilcs .r ,, h i i i  tlic ;rssuiiictl r1istril)utioii 
niodtl were also computed. *I.lie valuc of tlic ptlt-urdcr quatitiie for tile four 
parametric distributions could bc easily calculatcd. For tlic I T  Iiiodcl, tlie 
algebra involved for computing thc qu~ititilcs o f  any raiidoni variable with 
known first four nionicnts are given i n  the Appciidix J .  
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CASE 14 Case 
number 

(1) 

i 29 1 3 9  i 49 i 5 9  $613 I T e  i 08 i 90 1013 z i e  Z Z T  

n/C RATIO 

Subcase Number 

1 2 3 4 5 6 Method 
(2) (3) (4) (5) (6) (7)  (8) 

FIG. 2. Histogram of Simulated Benefit/Cost Ratio for Case 14 

the worst distribution model to use for the two economic criteria considered 
herein. 

As far as the net benefit is concerned, the nornial distribution, among 
the four parametric distributiorls (i.e., nornial, lognoriiial, gaitinia, and 
Wtibull), yielded a better f i t  than tlie others when coiiiparcd oil tlic basis 
of MAE% and KMSE%. Although tlic normal distribution is dominated 
by the FC asymptotic expansioli on the basis of ranking, the differctices i t i  
MAE% and I<MSE% bctwccti tlic two distrihtions ate quite siiiall (SCC 

Table 5). A histogram of the nct bctiel'it froiii tlic sirnulation rcl)resentativc 
of the 52 subcases is shown in Fig. 1. 'I'his liistograni strongly suggests the 
existence of symmetry. A possible explanatiori for tlic normal distribution 
being outperformed by the FC model is that a syninietric distribution niiglit 
not be normal; although tlie normal distribution is synimetric. This could 
be observed by comparing tlic skew coefficient = 0 for a syniuietric distri- 
bution and kurtosis of the sirnulatcd net bciicfits with tliosc rissociatcd with 
the assumed probability models (see 'I'able 6). 'llic use of tlic FC niodcl 
takes into account thc cffcct of skcwncss iitid kurlosis, wliicli iiiadc tlic 
approximation bet tcr. 

With regard to the 13/C ratio, tlie logiiornlal distribution pcrfornicd lxtter 
tlian the other parametric distributions oii tlic basis of MAE76 and RMSE% 
(see Table 4). The ganinia distribution followed as a close sccond. 'The 
histogram for the simulated U/C ratio repi eseiitntivc of the 52 subcases 
considered is shown in  Fig. 2. Exairiiriing Fig. 2 and Table 7, one observes 
that there indeed existed a positive skewness i n  the tiistograni. Although i t  
is observed that a lognormal distribution dcscribes the random bcliavior of 
the BIC ratio better than a garrinia as far as the overall rank is concerned, 
the differences in the magnitude of the performatice criteria between tlie 
two distributions are iiot significant (see 'I'able 8). 
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S 
F 

' S  
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 
S 
F 

S 
F 
S 
F 
S 
F 
S 
F 
S 
I: 
S 
F 
S 
F 
S 
F 
S 
F 

0.405 
0.5 I5  
0.398 
0.390 
0.296 
0.263 
0.619 
0.607 
0.436 
0.410 
0.363 
0.284 
0.530 
0.446 
0.367 
0.344 
0.308 
0.303 

3.089 
2.343 
3.270 
2.967 
3.134 
3.063 
2.894 
2.587 
3.217 
3.0Mlo 
3.238 
3.086 
3. I65 
2.447 
2.819 
2.694 
3.221 
3.086 

. I  

0.569 
0.5s 1 
0.327 
0.301 
0.212 
0.316 
0.532 
0.427 
0.292 
0.324 
0.475 
0.336 
0.588 
0.572 
0.415 
0.365 
0.448 
0.347 

0.626 
0.598 
0.389 
0.377 
1.114 

-0.173 
0.697 
0.427 
0.3P7 
0.386 
0.180 
0.284 
0.636 
0.437 
0.393 
0.399 
0.129 
0.248 

(bl Kurtosis . ,  
2.881 
2.622 
2.832 
2.627 
2.879 
3.006 
3.049 
2.412 
2.713 
2.654 
3.486 
3.030 
3.OYS 
2.13Y 
3.679 
2.140 
3.482 
3.031 

3.01 1 
2.556 
2.766 
2.554 
5.874 
0.086 
3.533 
2.387 
2.688 
2.622 
2.965 
3.069 
3.432 
2.445 
2.804 
2.600 
2.552 
2.950 

Note: S = by simnlation; and F = by first-ordcr analysis. 

0.585 
0.5Y5 
0.372 
0.348 
0.451 
0.295 
0.630 
0.607 
0.403 
0.323 

- 0.203 
1.227 
0.704 
0.457 
0.458 
0.409 
0.218 
0.235 

2.951 
2.557 
3.07 1 
2.960 
3.420 
2.993 
3.136 
2.576 
2.896 
2.675 
5.446 
4.502 
3.725 
2.435 
2.901 
2.596 
2.504 
2.620 

0.354 
0.274 
0.100 
0.191 
0.492 
0.399 
0.393 
0.391 
0.354 
0.274 
0.601 
0.602 
0.4 18 
0.415 
1.182 
0.742 

2.854 
2.695 
2.676 
2.925 
3.01 1 
2.485 
2.867 
2.573 
3.188 
3.038 
2.906 
2.634 
2.714 
2.631 
6.672 
4.658 

0.267 
0.277 
0.205 
0.249 
0.579 
0.425 
0.482 
0.408 
0.270 
0.285 
0.645 
0.610 
0.452 
0.400 
0.169 
0.237 

2.680 
2.686 
3.007 
3.039 
3.329 
2.428 
3.617 
2.979 
3.069 
3.039 
3.015 
2.604 
2.812 
2.603 
2.734 
2.954 

Tlic above discussions atid observations are made from an overall view 
of tlic pcriorlriance of tlie five distribution niodels for describing the random 
characteristics of the net benefit and tlie B/C ratio based on all 52 subcases 
considered. There is a case, i.e., case 7, that deserves some special attention. 
Note that in case 7 the total benefit is positively skewed while the total cost 
is negatively skewed. This type of configuration of benefit and cost corre- 
sponds to the general conservative practice in economic analysis when faced 
with uncertainty; i.e., the total project benefit is somewhat deflated while 
the total cost is inflated. For this particular case, the rankings of the five 
distribution models for the net benefit as well as for the B/C ratio are given 
in Table 9. As can be seen, in the majority of the six subcases in case 7, 
the ganinia distribution (rather than the normal) dominated other para- 
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TABLE 8. Quantlle Values of B/C Ratio and Percentage Error (in Parentheses) at 
Different Probability Levels under Various Distribution Modes1 Considered for 
Case 13 

P 
(1) 

Normal 
(2) 
I .284 

( - 5.0%) 
I .347 

( -  2.6%) 
1.401 

I .463 

I so5 
(0.8%) 
1.538 

( 1  .0%) 
I .5Y3 

(1.9%) 
1.639 

(1.8%) 
I .h83 

(2.1%) 
1.726 

( I  3%) 
I .772 

(0.9%) 
I .7Y8 

(0.2%) 
1.827 

( -  0.3%) 
I .#MI 

( -  1.2%) 
1 . w 2  

(-2.1%) 
I .Y64 

( - 3.9%) 
2.018 

( - 4.0%) 
2.081 

(-4.1%) 
0.28% 
1.57% 
1.86% 

( -  1.7%) 

( - 0.470) 

Lognormal 
(3) 
I .322 

( - 2.2%) 
1.372 

( - 0.8%) 
1.416 

( - 0.6%) 
1.471) 

(0.1%) 
1 5 0 7  

(0.9%) 
1.537 

(0.9%) 
1.587 

(1.5%) 
1.631 

(1.4%~) 
1.674 

(1 5 % )  
1.718 

( 1  .0%) 
1.76s 

(0.5%) 
1.7Y3 

(-0.1%) 
1.823 

( -0 .5%)  
I . 8W 

I .W7 
( - 1.8%) 

I .978 
( -  3.2%) 

2.043 
( -  2.9%) 

2. I20 
( - 2.3%) 

0.25% 
1.15% 
1.3.5% 

( -  1.2%) 

Gamma 
(4 1 
1.3II) 

(-3.1%) 
I .3M 

1.411 

1 .407 
( - 0 . 1  4r)  

1 .SM 
(0.8?LO) 

I .537 
(0.9%) 

1 .SHY 
( I  .6%) 
1.634 

1.677 
(1.7%) 
1.720 

1.768 
(0.7%) 

I .  795 
(0.0%) 
1.825 

( - 0.4%) 
t . 8 8 )  

( - 1.2%j 
I . YO6 

( -  1.Y5 ) 
1.Y74 

( -  3 . 4 5 )  
2.035 

( - 3.3%) 
2.107 

( - 2.Y%) 
0.26% 
1.27% 
I SO% 

( - 1.3%) 

( - O.Y%) 

(1.5%) 

(1.2%) 

Weibull 
(51 

Simulalioii 
(7) 

1.352 

I .A82 

I .424 

1.408 

1.493 

I .523 

1.563 

1.6W 

1.63Y 

1.7Ou 

1.756 

1.795 

I .832 

1.882 

1.942 

I .044 

2.103 

2.169 

Fis her/Cornish 
(6) 

1 . 1 9 1  
( - 1 1  .Y%) 

I .3os 
( -  S.6%) 

I .405 
( - I .3%) 

I .47Y 
(0.8 Yr ) 

1.510 
(1.1%) 

1.531 
(0.5 % ) 

1.570 
(0.4%) 

I .614 
(0.3%) 

I .604 
(O.Y%) 
1.719 

(1 .1%)  
1.776 

( 1 . 1 % )  
1,805 
(0.670) 

1.835 
(0.2%) 

I . ROT, 
( - O.Y'%) 

1. YO3 

1.971 

2.1163 

2.224 
(2.5%) 
- 0.07% 

I .  18% 
I .Y5% 

( - 2.(1%) 

( - 3.676) 

( -  I . Y % )  

0.010 

0.025 

0.OSO 

0. I 0  

0.150 

0.200 

0.300 

0.400 

0 . 5 0  

0.600 

0.700 

0.750 

0.800 

0.850 

0.900 

0.950 

0.975 

0.Y90 

BIAS% 
hlAE% 
RhlSE% 

0.906 
( -- 33.0%) 

I . I l l 0  
( - 24.7%) 

1.156 
( -  18.8%) 

I .288 

1.374 
( - 8.04) 

1.441 
( - 5.4%) 

1.546 
( -  1 . 1 % )  

1.631 
(1.4%) 

I .  7019 
(3.6%) 

1.781 
(4.8%) 

1.855 
(S.6%) 
1.8Y.5 

(5.6%) 
I .937 

(5 .8%)  
1.986 

(5 .5%)  
2.044 

(5.3%) 
2.126 

(4 .0% ) 
2.1Y4 

(4.3% ) 
2.268 

(4.6%) 
-0.35% 
s Y3% 
8.10% 

( -  12.3%) 

I 5 o z 3  

50223  

:rs in colunins 2-6 rrprcscril qunritilc of WC ratio at ordcr p ;  with pcrcciilagc crror Note: Nuri 
conipared with simulated values in parcntlicscs. 

metric distributions for the net benefit while the logiiorrrial distributioii is 
domitiant for tlic D/C ratio. 

K Z O 3 3  SUMMARY AND CONCLUSIONS 

Probabilistic approaches to B/C ati;ilysis have been receiving more a i d  
more attention by researchers arid practitiuricrs. Tlie success arld cortclusioti 
of the analysis using such an approach could hinge on an accurilte :isscssiiieiit 
of the probability density function of ccononiic evaluation criteria and tlicir 
statistical properties. Because the distribution of various benefit and cost 
components involved in a project could be different, oil analytical derivation 
of the probability density function for the econarnic ev;iluation critcria could 
be difficult. As a practical alternative, probabilistic U/C analysis could be 

-p lm-?v ,  
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carried out  by first estiniatirig tlie statistical ~i ior i ie i i t~  of the net beiicfi t niid/ 
or  the WC ratio using the FOSM nietliod. ‘I’hcn, the estininted st;itisticiil 
moments could be utilized jointly with ail appropriate probability disti i- 
bution function. T h e  issue liere is which probability distribution is the niost 
appropriate. Because the probability distributiolis o f  tlie rict benefit aiid 13/ 
C ratio are functions of those of benefit aiid cost coniponeiits, a pixtical  
question is how sensitive are the niost appropriate distributions of tlic rict 
benefit and the U/C ratio of tlie distributions of benefit aiid cost coinpoiiciits. 

This paper presents a study examining the appropriateness of some coin- 
monly used probability distributioils as applied to describe the raridoin c l ~ r -  
acteristics of the net benefit and B/C ratio wlien the distrihutioiis o f  betiefit 
arid cost components may be differciit. The results iiidicate tl i i lt ,  i i i  the 
majority of the cases considered, the t;islier-Corl\isli (Fisher itlid Corriish 
1960) asymptotic expansion is the best probability model for both net beiicfit 
arid B/C ratio. T h e  second best probability model for the net benefit is the 
normal distribution whereas the lognormal distributiori is for the U/C ratio. 

Although the FC asyniptotic expansion turns out to be the hest probability 
model in  describillg the randorri characteristics of the net benefit and 13/C 
ratio, i t  was, however, a bit iiiore ciitiibcrsonic cornputationnlly as compared 
with the normal arid lognormal distributions. This is because i t  requires the 
estimation of skew coefficient and kurtosis. Froni the practical viewpoint, 
the differences in the MAE atid RMSE between the FC expansiorl and the 
second best distribution for the net benefit and for the B/C ratio a re  insig- 
nificant. Therefore ,  the adoption of normal distribution for the net benefit 
and of lognormal distribution for the 13/C ratio in probabilistic U/C analysis 
should be acceptable. 
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APPENDIX 1. FISHER-CORNISH ASYMPTOTIC EXPANSION 

In Fisher-Cornish asynlptotic expansion, the ciuaritile of ariy noiiiiotiiial, 
standardized distribution is related to tlie standard riornial quantile and 
higher-order moments. The p th-order quantile for ariy statidardized randoiii 
variable W can be approximated, usiiig only the skew coefficient arid kur- 
tosis, as 

ill  which 2, = the yth-order qiiantile from thc standard 11orti1a1 distribution, 
niid l l , ( z , , ) ,  Ilz(z, ,) ,  ;ind lf,(z,,) = 1 Icr wit ~ > ~ ) l y ~ i o ~ i ~ i i ~ l ~ ,  wliicli call be co111- 
putcd by (Abrarnowitz and Stegun 1972) 

I’ .I r2  I ! , ( ~ , )  = z; - - z ; - ~  + - q4 - . . . . . . . . . . . . . . .  
2 l! 2 = . 2 !  

Once the value of wp by (19) is coniputed, the pth-order  quantile of the 
original random variable Y can be obtained as 

y,, = P + W,Sy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (21) 
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where W = (Y - Y ) / S , ,  with Y and S,, being the mean and standard 
deviation of random variable Y. 
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APPENDIX 111. NOTATIONS . I  

The follocvirig syriibols are i ~ s e d  iii this paper: 

B, = 
u =  
13, = c ; =  c =  
cj = 

H S )  = 
K =  
M =  

ith benefit item; 
i n e m  of total benefit; 
mean of the ith benefit iteni; 
j t l i  cost item; 
mean of total cost; 
m a n  of jth cost item; 
rth order Hermit polynomial; 
constant ; 
number of benefit items; 
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N = nunibcr o f  cost items; 
S, = standard deviation of raridorri variable A ;  
U = b_erlefit-cost ratio; 

Uo = BIC; 
V = net benefit; 

X,,,, = estimation of lliost likely villllc; 
X",, = estimation of optimistic value; 
XPe = estimation of pessirriistic valuc; 

xp.,  = estimated p t h  order quatitile of rarrdorii variable X bascd o i r  dis- 
x,, = pth  ordcr qciantile of randoirr variable X; 

z,, = p t l i  order quantile of stmdard i i o r n l a l  raiidoirl variablc; 
yX = skew coefficient of raiidnni variable X; 
K~ = kurtosis of random variable X ;  

tribution rnodel fi 

p = correlation coefficient; and 
= coefficient of variation of random variable X .  
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