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Models for Evaluating Flow Conveyance
Reliability of Hydraulic Structures
YEOU-KOUNG
TUNG
Wyoming Water Research Center and Statistics Department. University of Wyoming, Laramie
T w o generalized dynamic reliability models (integrating both hydrologic and hydraulic uncertainties)
based on binomial and Poisson distributions are developed for evaluating flowconveyance reliability of
hydraulic structures. The two generalized models correct the deficiencies of dynamic reliability models
developed previously. Relative performance of the generalized models and two conventional reliability
models were examined. It is found that the total risk is significantly underestimated by the conventional
approaches when hydraulic uncertainty is moderate or large.

INTRODUCTION

In the development of water resource engineering projects it
usually includes the design of various types of hydraulic structures such as pipe systems for water supply, sewer network
systems for sewage and runofl collection, and levee and dike
systems for flood control and protection, etc. In addition to
the determination of capacity and layout of hydraulic structures under normal design processes, one related but equally
important task that faces engineers is the evaluation of the
operational aspect of performance reliability of hydraulic
structures or systems to be designed. The general practice is
that hydraulic structures are designed with reference to natural events that could be imposed on the structure during its
expected service life. This, then, involves a hydrologic determination of the flow magnitude of a design event.
Risk is an element that exists in all aspects of engineering
design and planning, including water resources engineering.
Total risk in water resource engineering design can be attributed mainly to the inherently random behavior of hydrologe processes, the lack of perfect knowledge about hydrologic processes involved, and the lack of complete control of
design and operation of hydraulic structures. This lack of
knowledge is generally referred to as uncertainty, Yevjevich
[1977] has made a dear distinction between the inherent risk
and uncertainty in constituting a total risk.
In general. uncertainties in water resources enpineering
projects can be divided into four basic categories: hydrologic,
hydraulic, structural, and social and economical. Detailed discussions of these uncertainties were given by Tung and Mays
[1980a]. The existence of various aspects of uncertainty highlights the interdisciplinary nature of water resource planning
and design projects. Collaborations with experts in other disciplines are essential. There have been many reliability models
developed in the literature. The majority of them emphasized
on hydrologic risk, including various hydrologic uncertainties
[Bernier, 1967; Davis er a!., 1972; Vicens et af., 1975; Wood
and Rodriquez-Irurbe, 197.5~1,b; Bod0 and Unny, 1976; Castano
et a/.. 19781. Only a few models were extended to incorporate
other aspects of uncertainty in risk evaluation [Tang et al.,
1975; Sidurovszky er a l , 1976; Duckstein und Borgardi, 1981:
Tuny and Mays, 1980b, 19811. The scope of this paper is
limited to the integration of both hydraulic and hydrologic
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uncertainties in risk analysis. The issue, such as how to analyze uncertainties, will not be addressed.

FUND
AMEXTALS
Analysis of system performance reliability of any kind gen-erally requires the consideration of interaction between loadings and resistances. Loadings are commonly referred to as
those external stresses to be imposed on the system while
resistance usually represents capacities or strengths of the
system to withstand loadings. Under the context of water resources engineering design, the loadings can be the magnitude
of hydrologic events and resistances can be the flow capacity
of hydraulic structures. In view of uncertainties that exist in
both the hydrologic and hydraulic aspects, the loadings as
well as resistances should be treated 3s random variables with
associated probability distributions. Therefore from the operational viewpoint, the performance reliability in terms of f o w
conveyance capability of a hydraulic structure is the probability that structural flow capacity can accommodate the flow
magnitude generated by external hydrologic processes such as
rainfall or flood, i.e.,

R=Pr

[ Isr]

(1)

where R is the Aow conveyance reliability; PrC 3 refers to the
probability; and 1 and r represent the loading and resistance,
respectively. The conventional approach in evaluating flow
conveyance reliability of a hydraulic structure ignores the existence of hydraulic uncertainty by treating design flow capacity
of hydraulic structures as being deterministic. There have been
several reliability models developed which integrate uncertainties attributed to both the hydraulic and hydrologic aspects using (1). However, the majority of them are static reliability models which do not consider the repeated nature of
hydrologic loading [Yen and A n g , 1971; Tang and Yen, 1972;
Tang er al., 1976; rung and Mays, 1980bl.
In reality, a hydraulic structure is subjected to a repeated
application of loading over its expected service life. As a result,
the use of a dynamic reliability model is a more appropriate
approach to the problem. Development and application of
dynamic reliability models integrating both hydrologic and
hydraulic uncertainties have been very recent [Tung and
Mays, 1980b, 19811. The dynamic reliability model consists of
such elements as the design return period (or the magnitude of
design event), the service life of the hydraulic structure, a
safety factor, and the probability density functions of the resistance as well as the loading. The original dynamic reliability
model developed by Tung and ,Mays [19SOa] considered the
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annual maximum flood series as loading. For this reason the
model has a drawback in that it is unable to clearly define the
rate of occurrence of the design event in the model. Lee and
Mays [1983] recently addressed the problem and attempted
to improve the model formulation using the conditional probability. Unfortunately, their model is still not complete because it does not lead to a formulation for the total probability of survival or failure. Two generalized formulations for the
dynamic reliability model based on binomial and Poisson
probabilities are described in the next section.

GENERALIZED
DYNAMIC
RELIABILITY MODELS
Ignoring the hydraulic uncertainties in the risk evaluation,
there are two commonly used dynamic reliability models. The
first model is developed using the binomial law as
r
i
l n
where R,(n, T, SF) is the flow conveyance reliability of a
hydraulic structure over an expected service life of n years
using a design return period of T years associated with a
safety factor, SF. Equation (2) was used by Yen [1970] to
develop a series of curves relating risk to the structure return
period and the expected service life with a safety factor of one
for hydraulic structures.
The second model utilizes the Poisson distribution for the
reliability evaluation and can be expressed as

wheref(r, I) is the joint probability density function of the
resistance and loading, If r and 1 are considered independent,
then f(r, I) =f(r)f(I), in which case f(r) and f ( l ) are the mar_einal probability density functions for the flow capacity of
hydraulic structure and the magnitude of hydrologic event
based on the annual maximum series, respectively.
With the above partitioning of the future flood events into
two complementary subsets, the justification of the rate of
occurrence of the design hydraulic event becomes very clear,
which was not the case in the original dynamic reliability
formulation proposed by Tung and Mays [1980a]. Furthermore. an examination of (4) reveals that the dynamic reliability model recently proposed by Lee and M a y s [1983] does
not satisfy the law of total probability.
By using the binomial law, the flow conveyance reliability of
hydraulic structure, with its flow capacity determined on the
basis of T-year design hydrologic event and a specified safety
factor SF, under n loadings or over n year service period can
be expressed as

R,(n, T,SF) = Rn =

(n)PlxP2"-x
r=O

x

(7)

It can easily be shown that when only inherent hydrologic
uncertainty is considered as traditionally done, (7) is reduced
to (2).
Alternatively, the second generalized dynamic formulation
can be developed usins Poisson distribution. By using Poisson
distribution the probability of n occurrences of a hydrologic
R2(4 T,SF) = exp
(3) event over a period of [O.t),(b,,(t),regardless of their types (i.e.,
in which t is the time period of interest which could be the either I IIT* or I > IT*), can be expressed as
expected service life of the hydraulic structure. On the basis of
e-'P
q t )=(3), Hall and Howell [1963) presented a risk evaluation pro(8)
n!
cedure. It is known that for a fixed service life (t or n) and
safety factor (SF),the flow conveyance reliability calculated by Combining (8) and (7) leads to a different formulation of a
(3) will asymptotically converge to that calculated by (2) as 7' dynamic reliability model as
gets larger. Chow and Takuse [19771 developed a model using
the nonparametric approach which can also be applied to
estimate the risk of hydraulic structures without considering
hydraulic uncertainties.
'
When hydraulic uncertainties are considered in reliability
computation, two generalized dynamic reliability models can
be derived from (1). Assuming the probability density functions of the hydrologic loading as well as hydraulic resistance Again. (9) can be reduced to (3) when hydraulic uncertainties
are available from which the magnitude of the design hydro- are ignored.
It should be made aware that both (7) and (9) are the two
logic event 17* with a return period of T year can be calcugeneral
formulations of dynamic reliability models for the
lated without error. Then, the magnitude of the future hydrologic event can be partitioned into two complementary sub- random-independent resistance case. Random-independent resets, i.e., I I IT* and I > IT*, with each representing different sistance means that the random behavior of structural resistrecurrence interval hydrologic processes. As the result, the ance is independent of the loading condition. Flow capacity of
some hydraulic structures may show a degrading trend with
structural flow conveyance reliability subjected to the ith hydrologic loading occurring in the future can be expressed time because of aging. In such circumstances, a random-fixed
resistance dynamic reliability model is appropriate; however,
using the law of total probability as
the model formulation of this type (which is currently under
Ri = Pr(l, Ir) = Pr(li I r I I, > lT*)Pr(li > IT*)
development) is much more complicated than the ones for
random-independent resistance cases. Although the two dy+ pr(li 5 r I f i 5 IT*)pd!i I T * )
namic reliability models proposed by Tung and Mays [1980a)
= Pr(lT* 2 Ii 5 r) + Pr(fi 5 r, Ii 5 fT*) = Pl + Pz (4) and by Lee and Mays [1983] were for the random-fixed resistance situation, the inherent drawbacks of the two models preMore explicitly, the terms P, and P, can be expressed as
viously mentioned are still in existence.

c- mw1

Pl =

p, =

Lr*

l ; * f ( r , 0 dl dr

0 d! dr +

1;

l T * f ( r .r ) dl dr

(5)

RELIABILITY
COMPUTATION USING

GENERALIZED

MODELS

Using the two generalized reliability models for reliability
evaluation,
the key is to compute P, and Pz given by ( 5 ) and
(6)
(6). One way to evaluate P, and P, is to perform integration
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analytically if possible or to use numerical integration procedures, which could be the most likely case in a practical
situation. In this paper an alternative approach is taken which
becomes more convenient in calculating P, and P, when both
the resistance and loading have lognormal or normal distribution.
The following derivation assumes that the resistance and
loading are the two independent random variables. This independency assumption is not necessanly required. To evaluate
P,, let us define two new random variables u1 = r - I and
v1 = 1 - lT*. Then the two new random variables would have
the following statistical properties:
u1
01

-

br - y,ar2+ at2)

- IT*, a,’)

in which

V

#,”

= l**

-1

-1

p(u,’, u,’) =

(1

+

(:)y’,

and p(u2”, u2”) = 0. If the resistance and loading are independent normal or lognormal random variables, the probability
evaluation for P, and P, using (12) and (13) can easily be
made because the random variables w and u have a bivariatenormal distribution [Abrarnowitz and Scegun, 19701.

(104

(lob)

in which p x and ax2 represents the mean and variance of
random variable x. Furthermore, the random variables u,,
and u , possess a correlation coefficient p(u,, u,) as

PERFORMANCE EVALUATION OF

MODELS

A question that naturally arises at this point is, Given these

various dynamic reliability models for risk evaluation, how do
they perform relatively? To compare the relative performance
of the two conventional dynamic reliability models, (2) and (3),
and the two generalized reliability models, (7) and (9), the
-1
statistical properties of the resistance and loading in risk
evaluation are assumed from the previous levee reliability
study [Tung and Mays, 19811 for the Guadalupe River near
Victoria, Texas. The loading is the annual maximum flood
As a result, the expression for P, given by (5) can be written as series and the resistance is the flow capacity of the levee.
Due to a difference in the way in which the resistance is
P, = P+, 2 0,V , 2 Olp(u,, v , ) ]
(12)
considered between the two previous models which considered
Similarly, under the assumption of independency between the random-fixed resistance and the two models in the paper
the loading and resistance, the expression for P2 given by (6) which consider the random-independent resistance, a comparican be written as
son of the resulting risks would be inappropriate and therefore
will not be made. Both the loading (annual maximum flood)
P, = Pr[u2’ 2 0,0‘, 2 0 1 p(u,’, u,’)]
as well as resistance (levee flow capacity) are assumed to be
+ Pr[u,” 2 0,0,” 2 01p(u,”, V J I
(13) independent with lognormal distribution for simplifying ana-
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lytical evaluation. Any combination of probability distributions for the loading and resistance are possible. The mean
and standard deviation of the log-transformed annual maximum flood flow are 9.70 and 0.93, respectively, while the coefficient of variation of log-transformed levee flow capacity is
0.2. The mean value of levee flow capacity is determined using
the characteristic safety factor [Yen, 19793 defined as
(15)
where f is the mean value of the resistance.
Figure 1 shows the relationship between risk and service life
of the levee using a design return period of 50 years and a
safety factor of one. As can be seen, the two conventional
reliabii-ity models, (2) and (3), which ignore the hydraulic uncertainties significantly underestimate the total flow conveyance risk associated with the levee structure, especially when
the level of hydraulic uncertainty, in terms of coefficient of
variation of levee flow capacity, is moderate or large. Furthermore, as the service life of the structure becomes longer,
the risk calculated by the conventional models will asymptotacially approach to that of the generalized dynamic reliability models.
Figure 2 shows the resulting risk-safety factor curves for the
levee with a design return period of 100 years derived from the
two generalized reliability models, (7) and (9). Table 1 provides
numerical values of overtopping risk for the selected service
lives, safety factors, and uncertainty levels of levee flow capacity computed by the two generalized models. They are practically identical with slightly less risk given by (9), which uses
the Poisson distribution. From the computational viewpoint,
(7) is recommended for risk calculation for its simplicity.
Application of a dynamic reliability model for risk evaluation of a hydraulic structure enables the examination of
interrelationships between risk, safety factor, expected service
life of the Structure, and design return period. The interaction
is dictated by the statistical properties that describe the

random characteristics of the loading and resistance. A series
of risk-safety factor curves derived from (7) with various levels
of hydraulic uncertainty, expressed in terms of coefficient of
variation of levee flow capacity, are shown in Figure 3. The
curve corresponding to zero coefficient of variation represents
that hydraulic uncertainty does not exist or is ignored as assumed in the conventional reliability models. The conventional reliability models underestimate the total associated risk.
The discrepancy in underestimation increases rapidly as the
value of the safety factor and uncertainty level of hydraulic
flow capacity get larger.
Risk-safety factor curves shown in Figure 3 also show an
implication in engineering design processes using different risk
evaluation procedures. By referring to Figure 3 it can be observed that the required specification for the safety factor increases very rapidly as the hydraulic uncertainty increases in
order to achieve the same risk level as if hydraulic uncertainty
did not exist. The existence of a moderate or large uncertainty
in hydraulic flow capacity determination would require specification of a larger safety factor than the case when the hydraulic uncertainty is small for improving the total risk to the
same degree.

SUMMARY
AND COXCLUSIONS
Two generalized dynamic reliability models considering
both inherent hydrologic and hydraulic uncertainties were developed. The two models can be reduced to the conventional
risk models which only consider hydrologic uncertainty, This
development is one step forward in reaching a more complete
and general model for evaluating risk and reliability of hydraulic structure design. Furthermore, the models provide insight into the interaction among the safety factor, design
return period. expected service life of hydraulic structures, and
statistical characteristics of resistance and loading and their
effects on the total risk.
Numerical examples are presented in the paper to compare
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TABLE 1. Numerical Comparisons of Calculated Risk Using (7) and 19)
Covariance of Levee Flow Capacity
Design
Return
Period,
years

Expected
Service
Life,
years

0.4

Safety
Factor

0.2

( 7)

(9)

10

50

50

100

75

100

150

200

200

I .o
1.5
2.0
2.5

1.o

1.5
2.0
2.5
1.o
1.5
2.0
2.5
1.o
1.5
2.0
2.5
1.o
1.5
2.0 *
2.5
1.o
1.5
2.0
2.5

9.851 x 1V'
7.686 x lo-'
5.352 x 10"
3.930 x lo-'
1.OOo
9.993 x lo-'
9.783 x 10''
9.169 x lo-'
I .000
1.ooo
9.959 x lo-'
9.724 x 10"
1.OOo
1.Ooo
9.993 x 10-1
9.917 x 10-'
1.OOo
1.OOo
1.000 '
9.990 x lo-'
1.ooo
1.000
LOO0
9.999 x 10-1

relative performance of the conventional risk models and the
generalized models developed herein. It is generally observed
that hydraulic uancertainty can not be ignored in risk evaluation when its level is moderate or large. Furthermore, a
higher price, in terms of a larger value of safety factor, is
needed to improve risk level when the hydraulic uncertainty is
large reiative to hydrologic uncertainty.
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(7)

(9)
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SMETY FACTOR

Risk-safety factor curves for various resistance uncertainty
levels using (7).

9.677 x
7.437 x
5.217 x
3.845 x
1.Ooo
9.989 x
9.750 x
9.117 x
1.ooo
1.Ooo
9.950 x
9.700 x
1.Ooo
1.Ooo
9.992 x
9.907 x
1.Ooo
1.000
1.ooo
9.989 x
1.OOo
1.Ooo

lo-'
lo-'
10"
lo-'
lo-'
10''
10-1

lo-'
10"
10''
lo-'

lo-'

1.Ooo

9.999 x 10''

9.193 x lo-'
1.505 x 10"
2.134 x

5.050 x 10-3
1.Ooo
5.575 x
1.022 x
2.499 x
1.Ooo
6.495 x
1.304 x
3.272 x
1.Ooo
7.528 x
1.700 x
4,339 x
1.Ooo
8.389 x
2176 x
5.747 x
1.Ooo
9.124 x
2790 x
7.588 x

10''
lo-'

lo-'
lo-'
lo-'
10''
lo-'
10''

lo-'
10-2

8.920 x
1.493 x
2.132 x
5.047 x
1.Ooo
5.546 x
1.021 x
2.498 x
1.Ooo
6.469 x
1.303 x
3.268 x
Loo0
7.504 x
1.699 x
4.334 x
1.Ooo
8.371 x
2.205 x
5.753 x

10''
lo-'

10-3
10''
lo-'

lo-'
10"
lo-'
10''
lo-'
lo-'
lo-'
10"

1.OOO

10"
10''

9.111 x lo-'
2.527 x lo-'
7.597 x 10-2
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