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1. INTRODUCTION 

The ob jec t ive  o f  t h i s  study was t o  develop 
a method f o r  est imat ing the mean monthly tem- 
perature f o r  each year from 1948 t o  1978, and 
f o r  the months o f  A p r i l  through October, a t  
various ungaged s i t e s  i n  the  Upper Green River 
Basin o f  Wyoming. The data ava i lab le  f o r  t h i s  
th i r ty -one year per iod  were co l lec ted  from 
twelve National Weather Service s ta t ions  
located w i th in  the Basin. 

Th is  paper describes a sequence o f  
model i n g  techniques designed t o  maximize the 
informat ion extracted from the data, and t o  
reduce the est imat ion problem t o  a ser ies o f  
small er, more t rac tab l  e probl  ems. 

2. PROBLEM DISCUSSION 

Meteorological cond i t ions  over a spec i f i c  
area at. a given po in t  i n  t ime can be thought o f  
as a two-dimensional random var iab le  w i t h  spa- 
t i a l  autocorrelat ions ( i  .e. a random f i e l d ) .  
Special s t a t i s t i c a l  es t imat ion  and modeling 
techniques, such as k r i g ing ,  are general ly 
required f o r  handling data from random f i e lds .  
Whereas the observations from a random f i e l d  
(RF) are correlated by d e f i n i t i o n ,  the major i t y  
of c m o n  s t a t i s t i c a l  techniques require inde- 
pendence o f  the  observations. The lack of 

i ndependence has both advantages and d i  sadvan- 
tages. Information can be extracted from the 
co r re la t i on  s t ruc tu re  i n  the data as we l l  as 
fm the data values themselves, bu t  a t  the 
cos t  of increasing the complexity o f  the e s t i -  
mation problem and the necessary sampling rate.  
Therefore kr ig ing,  the most comnong technique, 
i s  only feasible when the sampling i s  very 
dense over the area o f  i n te res t ,  o r  some very 
r e s t r i c t i v e  assumptions about the RF can be 
made. 

The data f o r  t h i s  study were co l l ec ted  
from a sparse gaging network. Therefore 
k r i g i n g  i s  possible only i f  (1) the expected 
value and the variance of the RF are constant 
over the f i e l d  o f  i n te res t ,  and ( 2 )  the corre- 
l a t i o n  between the  values a t  any two po in ts  
w i t h i n  the f i e l d  depends only on the separation 
between those points. The f I r s t  assumpti on 
states tha t  a l l  the  v a r i a b i l i t y  i n  the data i s  
due t o  spa t ia l l y  correlated, chance deviat ions 
from an overal l  mean. This i s  no t  a r e a l i s t i c  
assumption i n  topographical ly heterogeneous 
areas. Part  o f  the  v a r i a b i l i t y  i n  the data i s  
due t o  non-random fac tors  such as di f ferences 
i n  elevation. Thus, these are a t  l e a s t  two 
sources o f  informat ion i n  the data which must 
be taken i n t o  account. The f i r s t  i s  the reta- 
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t ionsh ip  of meteorological var iables 
topographic charac ter is t i cs ;  the second i s  
spa t ia l  co r re la t i on  between values a t  ne 
bor ing 1 ocat i  ons . 

I n  the est imat ion process proposed be 

t o  
the 
9h- 

ow , 
the RF i s  w r i t t e n  as the  sum o f  tm, independent 
components, one f o r  each o f  the sources of 
v a r i a b i l i t y .  The problem o f  est imat ing the 
value o f  the RF a t  an ungaged s i t es  then redu- 
ces t o  a ser ies  o f  two simpler est imat ion 
probl  ems. 

3. MODEL FORMULATION 

Le t  2 ( x )  denote the monthly mean tem- 
perature i n  year t, month j, and loca t i on  x = 
(xl,x2), where x1 and x2 are the coo rd ina teso f  
p o i n t  

where u.(x-t' i s  the  expectei value o f  the RF 
ac t ing  An the j t h  month a t  l oca t i on  x, and 
Rot(:) i s  the  dev ia t ion  from t h a t  value 
oiserved i n  year t. The term ~ ~ ( 5 )  i s  t h a t  
p a r t  o f  2 ( X I  which remains constant from 
year t o  year; i t s  value i s  l a rge l y  determined 
by the topographic charac ter is t i cs  -o f  the 
Basin. The term Rjt(x-) = Z (5) - "(5) 
represents the year-to-year f l u c g a t i o n s  o f  the 
value o f  the RF around i t s  mean a t  l oca t i on  5. 
This f l uc tua t i on  i s  t h a t  p a r t  o f  Zjt(5) which 
i s  purely random (i.e. i t s  value does no t  
depend on 5 or the  value o f  i.i (x-)), and 
exh ib i t s  spat ia l  autocorrel  ation. 

Two s imp l i f y i ng  assumptions were made i n  
t h i s  formulation. F i r s t ,  the mean o f  the RF 
f o r  each month was assumed t o  be s ta t ionary  
from year t o  year f o r  the time per iod o f  
in te res t .  Second, independent RFs were assumed 
t o  be operating i n  each month. 

j t  - 

The RF i s  the  sum o f  two components, 
Z.,(S) = i.i.(x) + Rqt(5) J 

J t  - 

j 

4. ESTIMATION Of i.ij(x) 

The tern u (5) denotes the expected value 
o f  the RF a t  Socation x i n  m n t h  j, and i s  
assumed t o  be constant ?ran one year t o  the 
next. I t s  value i s  l a rge l y  determined by 
nonrandom fac to rs  such as topographical 
features and recu r r i ng  meteorol ogi a1 patterns. 
A ma1 1 spat i  a1 c o r r e l  a t i on  probably e x i s t s  
among the values. This cor re la t ion  s t ruc tu re  
was ignored since the information f t  n i g h t  
con t r ibu te  i n  the  est imat ion process i s  
neg l i g ib le  i n  comparison t o  the d i f f i c u l t i e s  
i t s  presence introduces. 

Regression analysis,  a standard 

s t a t i s t i c a l  technique, was used t o  quant i  
re la t ionsh ip  between the data v 
selected independent, o r  predictor, 
Yhen the co r re la t i on  among the data va 
i n  fact, s ign i f i can t ,  regression analysis 
s t i l l  produce unbiased estimates o f  
t he  variance estimates w i l l  $;;d 
underestimate the t rue  variances. 

The data used i n  the regression anal 
a re  the average monthly mean temperatures 
each loca t ion  and month, and are denoted by 

(x), 

-, . - J (51 
Z j@ = Zjt(x)/T(5). 

where T(x) i s  the number o f  years o f  record f o  
s i t e  11. The fac to rs  selected f o r  use a 
independent var iables i n  the regression were 
those charac ter is t i cs  i d e n t i f i e d  by t 
l i t e r a t u r e  as having the  po ten t ia l  t o  i n f l uen  

a temperature, and which were eas i l y  obtainab 
f o r  a l l  s i t es  i n  the Basin. 

A stepwise regression was used t o  select  
from the independent variables those factors 
which best described the  changes i n  T.(x) frorn 
one s ta t i on  t o  the next. Weighted l e a s t  
squares (YLS) regression was then performed to 
ge t  minimum variance estimates o f  the 
regression coef f i c ien ts .  

The monthly R2 values f o r  the WtS 
regression indicated t h a t  88 t o  98 percent o f  
t he  v a r i a b i l i t y  i n  the F.(L) values was 
accounted f o r  by the  regression func t ion  
r e l a t i n g  y . ( ~ )  t o  nonrandom factors.  The 
remaining two t o  twelve percent o f  the var iabi-  
l i t y  i s  due t o  lack o f  f i t  o f  the regression 
model, p lus a pure e r r o r  (i.e. random) corn- 
ponent which may e x h i b i t  spa t ia l  correlat ion.  

An examination o f  the residual p l o t s  i nd i -  
cated tha t  the model was under f i t ,  and t h a t  a t  
l e a s t  second-order t e n s  were needed f o r  some 
o f  the pred ic to r  Variables. An u n d e r f i t  
regression model w i l l  no t  give unbiased estima- 
tes  o f  p (5). I f  the estimates o f  p . ( x )  are 
biased, t i e  f i n a l  estimates o f  Zjt(x) dli also 
be biased. Addit ional terms were not, however, 
added to the model. With data from only twelve 
stat ions,  the add i t ion  o f  higher-order terns 
could create a p red ic t ion  bias, and thus reduce 
the  models p red ic t i ve  capabil j t i e s  a t  ungaged 
s i tes .  In  addit ion, the residual pa t te rn  may 
be due i n  p a r t  t o  spa t ia l  cor re la t ion  among the 
e r r o r  terms. The e f f e c t  of lack o f  f i t  and 
pure er ro r  are no t  , however, separable wi thout 
t r u e  rep1 icat ion.  Thus t h e i r  combined e f fec ts  
were imp1 i c i t l y  modeled by s p a t i a l l y  i n t e r -  
po la t ing  the regression residual s using the 
i sohyetal method. The isohyetal method does 

J 

J 

J 
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n o t  use the s t r u c t u r a l  i n f o m a t i o n  i n  the  data, 
and the  proper t ies  o f  i t s  est imates are 
unknown. This a lgor i thm was used, however, 
because i t  does n o t  r e q u i r e  any under ly ing 
assumptions about the  data. 

The f i n a l  est imate o f  ~ ~ ( 5 )  denoted by 
pj(x-), i s  then t h e  value pred ic ted  by the  
regress ion func t ion  f o r  l o c a t i o n  5 plus the  
estimated regression res idua l  as read from the 
isohyets  a t  t h a t  loca t ion .  %is est imator  
re tu rns  the observed average, Z j ( ~ ) ,  a t  a l l  
gaged s i t e s ,  and thus i s  unbiased a t  these 
loca t ions .  The proper t ies  o f  t h i s  est imator  
f o r  ungaged s i t e s  are unknown. 

D e t a i l s  o f  t h i s  es t imat ion  step are given 
by Schumaker e t  a l .  (1984). 

5. ESTIMATION OF Rjt(z) 

The term Rjt(x) = Z.,(x) - u j ( ~ )  denotes 
t h e  dev ia t ion  i n  year  t horn  the expected value 
o f  the RF a t  s i t e  5 i n  month j. This term 
c a r r i e s  the random, s p a t i a l l y  c o r r e l a t e d  corn 
ponent o f  Z. (5) .  Rjt(z) i s  thus a RF. Two 
simp1 i f y i n g  assumptions about R i + ( ~ )  were made. 

J t  

As w i t h  2 (XI, independent RFsJ&re assumed t o  
be operating i n  each month. Second, each o f  
t h e  RFs were assumed t o  be s ta t ionary  both i n  
t h e i r  mean and i n  t h e i r  covariance s t ruc tu re  
from year  t o  year. 

The expected value o f  R.,(x) i s  by d e f i n i -  
t i o n  equal t o  zero f o r  a l r ’  l o c a t i o n s  i n  the  
Basin. The variance o f  Rjt(x-) i s  equal t o  the 
variance of Z (5) for a given month and s i te ,  
and therefore was estimated a t  each o f  the  
twelve weather s t a t i o n s  w i t h  the sample 
variance o f  the observed Z t(x-) values. A 
homogeneity of variances t e s i  was conducted t o  
t e s t  the  hypothesis t h a t  t h e  variance o f  R j t ( ~ )  
i s  constant across the Basin i n  any given 
month. This  hypothesis cou ld  n o t  be re jec ted  
a t  the 0.10 s i g n i f i c a n c e  l e v e l  f n  any month. 
The RF f o r  Rjt(z) thus meets the f i r s t  assmp- 
t i o n  necessary f o r  k r i g i n g .  The second assump- 
t i o n  requi red f o r  k r i g i n g ,  t h a t  o f  covariance 
s t a t i o n a r i  ty, was examined through variogram 
cons t ruc t ion  and analys is .  Since the t r u e  
values o f  IJ .(?I are unknown even f o r  gaged 
s i t e s ,  the values o f  R.t(z) were estimated 
by rep lac ing ~ . ( x )  wigh i t s  bes t  l i n e a r  
unbiased estimator, 2 (XI. 

D i  rec t iona l  variograms were constructed 
f o r  each month and year  o f  i n t e r e s t ,  and then 
pooled over years based on the  assumed sta- 
t i o n a r i t y  o f  the RF. 

I n  theory, t h e  variogram f o r  a covariance- 
s ta t ionary  RF should r i s e  monotonical ly from 
zero, and plateau a t  the  value o f  the variance 
o f  the RF. Let  the separat ion between s i t e s  a t  

i t  - 

j t  

J 

J -- 
J -  

which the plateau i s  reached be denoted by h*, 
where the distance between two loca t iqns  x, 
and X+ f S  deflned by hab = - q. 3 e  
values o f  the RF a t  two loca t ions  are 
c o r r e l a t e d  i f  and only  i f  t h e i r  d is tance o f  
separation i s  l e s s  than h*. The va lue h* i s  
o f t e n  re fe r red  t o  as the zone o f  in f luence.  
The in format ion i n  the variogram requi red f o r  
k r i g i n g  i s  the value o f  h*, t h e  he igh t  o f  the 
plateau, and the shape o f  the  curve as i t  r i s e s  

Twenty-eight d i r e c t i o n a l  variograms were 
constructed, four  f o r  each o f  the seven months 
o f  in te res t .  None o f  these variograms i n d i -  
cated a departure from the assumption o f  
covariance s t a t i o n a r i t y .  I n  most cases the 
zone o f  in f luence was l e s s  than the minimum 
separation between the weather s ta t ions .  This 

means t h a t  ne i ther  the value o f  h*, nor the 
c o r r e l a t i o n  s t ruc tu re  w i t h i n  the zone c f  
in f luence,  can be estimated from t h i s  data. I n  
t h i s  s i tua t ion ,  the  bes t  l i n e a r  unbiased 
estimate o f  the value o f  R . t ( ~ )  a t  an ungaged 
s i t e  i s  the iample mean o f  i h e  observed values, 
denoted by Rjt. The sample variance o f  F.t 
g ives an upper bound t o  the variance o f  t t e  
est imated value, 

The most s t r i k i n g  fea ture  i n  a l l  of the 
variograrns i s  t h a t  the l e v e l  o f  the p la teau 
ranges from one-tenth t o  one-half o f  i t s  
theore t ica l  value as estimated by the sample 
variance o f  the Zjt(x) values. This  ind ica tes  
t h a t  a major por t ion  o f  the t o t a l  v a r i a b i l i t y  
i n  the R ( x )  value i s  unaccounted f o r  by 
within-year v a r i a b i l i t y .  The imp1 i c a t i o n  i s  
t h a t  the  RF i s  no t  s ta t ionary  from year t o  year 
as was o r i g i n a l l y  assumed. 

I f  the nons ta t ionar i ty  i s  on ly  a s h i f t  i n  
t h e  l o c a t i o n  o r  mean o f  the RF between years, 
t h e  above est imat ion procedures f o r  R (5) are 
s t i l l  va l id .  K r i g i n g  only  requi res t h a t  the  

. mean be constant across the  f i e l d  o f  i n t e r e s t  
r a t h e r  than equal t o  zero. The variogram 
cons t ruc t ion  as given above i s  a1 so i n v a r i a n t  
t o  s h i f t s  i n  the mean across years. 

I f  the c o r r e l a t i o n  s t r u c t u r e  a1 so changes 
from year t o  year, k r i g i n g  may s t i l l  be used, 
b u t  the  variograms cannot be pooled across 
years. Variogram cons t ruc t ion  and analys is  
must be perfomed f o r  each year  o f  i n t e r e s t  
us ing the R. (XI values observed i n  t h a t  year. 

The siinpl 1 f y i n g  assumption o f  s t a t i o n a r i t y  
i n  the mean and covariance s t ruc tu re  o f  the RFs 
should be relaxed on?y as f a r  as needed. I n  
t h i s  study there were i n s u f f i c i e n t  s ta t ions  
repor t ing  f n  any one year  t o  produce r e l i a b l e  
d i r e c t i o n a l  variograms on a y e a r l y  basis. 
Thus, i t  was not possib le  t o  determine whether 
the  nons ta t ionar i ty  i n  the data extended t o  the 

.. from the o r i g i n .  

j t  - 

jt 

J t  7 
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covariance s t ruc tu re  o f  t he  RF. The o r i g i n a l  
s t a t i o n a r i t y  assunptions were therefore 
replaced w i t h  the  fo l lowing: f o r  each o f  the 
RFs i t  i s  assuned t h a t  the mean o f  the  RF i s  
i tse l  f a random va r iab le  having expectat ion 
equal t o  zero, and the Covariance s t ruc tu re  i s  
stat ionary across years. 

6. RESULTS AND DISCUSSION 

The f i na l  est imator f o r  the value o f  
Zjt($ a t  an ungaged s i t e  i s  

J t  - 
I n  the absence of any informat ion f o r  the  month 
and year of in te res t ,  ^“jt(5) i s  replaced w i t h  
i t s  expected value, and the estimate reduces t o  
cj(x), the estimate of the mean o f  the RF. 
The term hjt()L) i s  used t o  update o r  co r rec t  
Gj(z) when informat ion f o r  month j and year t 
are avai lable. 

i s  unbiased. I n  t h i s  study the data were too 
sparse t o  obtain an estimate f o r  p (5) which 
was known t o  be unbiased f o r  a l l  loca t ions  
w i t h i n  the Basin. 

When appropriate s t a t i s t i c a l  t o o l s  are 
used a t  each stage o f  the  modeling process, the 

ijtC5) = ;,(:I + ii ( X I .  

a 

1 A 

The estimator Z. ( x )  i s  unbiased i f  p ( x )  
J t  - j -  

j 

variance of the estimator ijt(x-) i s  j u s t  ttte 
of the variances o f  the  component estimates. . 

It i s  possible t o  p a r t i t i o n  the  total’  
v a r i a b i l i t y  i n  the data i n  a manner analagous 
t o  analysis o f  variance, i f  complete h i s t o r i c a l  
records f o r  a meteorological var iab le  are 
ava i lab le  a t  several gaging s ta t ions  over a 
f i xed  per iod o f  years. This informat ion can be 
used t o  determine which component o f  the 
problem accounts f o r  most o f  the v a r i a b i l i t y  i n  
the  data and thus should receive the greatest  
modeling e f f o r t .  

It i s  important t o  have a continuous data 
record f o r  each s ta t i on  over the e n t i r e  time 
per iod  when the year-to-year component o f .  
v a r i a b i l i t y  i s  s ign i f i can t .  I f the data f o r  
one o r  more stat ions cover only a p o r t i o n  o f  
t he  time period, 
d i f ferences w i l l  
t he  f.(x) values, 
i n  (1x1 which i s  j -  
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